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CHARACTERIZATION OF CONTINUOUS g-FRAMES VIA 

OPERATORS 

MORTEZA RAHMANI 


Abstract. In this paper we introduce and show some new notions and 
results on cg-frames of Hilbert spaces. We define cg-orthonormal bases 
for a Hilbert space H and verify their properties and relations with cg- 
frames. Actually, we present that every cg-frame can be represented as 
a composition of a cg-orthonormal basis and an operator under some 
conditions. Also, we find for any cg-frame an induced c-frame and study 
their properties and relations. Moreover, we show that every cg-frame 
can be written as addition of two Parseval cg-frames. In addition, we 
show each cg-frame as a sum of a cg-orthonormal basis and a cg-Riesz 
basis. 


1. Introduction 

Frames (discrete frames) in Hilbert spaces were introduced by Duffin and Scha¬ 
effer [7] in 1952 to study some deep problems in nonharmonic Fourier series. Af¬ 
ter the illustrious paper [6] by Daubechies, Grossmann and Meyer, frame theory 
popularized immensely. 

A frame for a Hilbert space allows each vector in the space to be written as a 
linear combination of the elements in the frame, but linear independence between 
the frame elements is not required. Intuitively, a frame can be thought as a basis 
to which one has added more elements. 

Generally, frames have been used in signal processing, image processing, data 
compression and sampling theory. Later, motivated by the theory of coherent 
states, this concept was generalized to families indexed by some locally compact 
space endowed with a Radon measure. This approach leads to the notion of 
continuous frames [2, 3, 11, 13]. Some results about continuous frames and their 
generalizations can be found in [8, 9, 10, 15]. 

In this paper, inspired by [16] and [12], we generalize some results to eg-frames. 
The paper is organized as follows. In Section 2, we introduce the concept of cg- 
orthonormal bases for Hilbert spaces and discuss about their characteristics and 
their relations with cg-frames and c-frames. Our aim in Section 3 is describing 
every continuous g-frame as a sum of two Parseval continuous g-frames. We also 
present that every continuous g-frame can be written as a linear combination of 
an cg-orthonormal basis and a cg-Riesz basis. 
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Throughout this paper, H is a separable Hilbert space, (fi, p) is a measure 
space with positive measure p and {Hu}uen is a family of separable Hilbert 
spaces. 

We first review the definitions of continuous frames and continuous ^-frames. 

Definition 1.1. ([15]) Suppose that (fi,p) is a measure space with positive 
measure p. A mapping / : fi — H is called a continuous frame, or simply a 
c-frame, with respect to (fi, p) for H , if: 

(i) for each h € H, u i —> ( h , /(to)) is a measurable function, 

( ii ) there exist positive constants A and B such that 

A\\h\\ 2 < [ \(h,f(u))\ 2 dp(u;)<B\\h\\ 2 , he H. (1.1) 

in 

The constants A, B are called c-frame bounds. If A, B can be chosen such that 
A = B, then / is called a tight c-frame and if A = B = 1, it is called a Parseval 
c-frame. A mapping / is called c-Bessel mapping if the second inequality in (1.1) 
holds. In this case, B is called the Bessel bound. 

Some operators associated to c-Bessel mappings can be useful to characterize 
them. 

Proposition 1.1. ([15]) Let (f l,p) be a measure space and f : fi —> H be a 
c-Bessel mapping for H. Then the operator Tf : L 2 (fl, p) —> H, weakly defined 
by 

( T fT,h}= f (p(u)(f(u),h)dn(u), heH, (1.2) 

Jn 

is well defined, linear, bounded, and its adjoint is given by 

Tf : H —> L 2 (fl,n), T*fh(u) = (h,f(uj)), uj € fi. (1.3) 

The operator Tf is called synthesis operator and Tjt is called the analysis 
operator of /. 

If / is a c-Bessel mapping with respect to (fl, fi) for H, then the operator 
Sf : H —> H defined by Sf = TfTf, is called frame operator of /. Thus 

(Sfh, k) = [ (h,f(u))(f(uj),k)dn(u), h,keH. 

Jn 

If / is a c-frame for H, then S is invertible. 

The converse of above proposition holds when n is u-finite in the measure space 
{fi,n). 

Theorem 1.1. ([15]) Suppose that (fl,/i) is a measure space where p is a-finite. 
Let f : fi —> H be a mapping such that for each h G H, uj i —> (h, f(co)) is 
measurable. The mapping f is a c-frame with respect to (fl, p) for H if and 
only if the operator Tf : L 2 (fi,p) —> H defined by (1.2), is a bounded and onto 
operator. 

Definition 1.2. Let p € We say that ip is strongly measurable if <p as 

a mapping of fi to is measurable, where 

n uen H u = {f : fi ^ 5 /(^) ^ j* . 

Now, we review the definition of continuous ^-frames. 



CHARACTERIZATION OF CONTINUOUS ^-FRAMES VIA OPERATORS 81 

Definition 1.3. We call {A^ e B(H,H^) : w £ !!} a continuous generalized 
frame, or simply a eg-frame, for H with respect to {H w } w gQ, if: 

(i) for each / e H , {A^/j^go is strongly measurable, 

(ii) there are two positive constants A and B such that 

A\\f\\ 2 < [ WKffd^u) < B\\f\\ 2 , f e H. (1.4) 

J f! 

We call A and B the lower and upper eg-frame bounds, respectively. If A, B 
can be chosen such that A = B, then {A^j^gn is called a tight cg-frame and if 
A = B = 1, it is called a Parseval cg-frame. A family {A^j^gQ is called cg-Bessel 
family if the second inequality in (1.4) holds. 

Now, let the space ( © we n H w , g) j2 C be defined as follows: 

(©ue$2 = {t\ <p is strongly measurable , / \\<p(uj)\\ 2 dg,(u)) < oo}. 

J n 

The space (© we o H u ,p) L2 is a Hilbert space with inner product 

(<P,V’}= / (¥’(w),V’M)d/x(a;). 

Jn 

Proposition 1.2. ([1]) Let {A^j^gQ be a cg-Bessel family for H with respect to 
{HwJugJi with Bessel bound B. Then the mapping T of ( © w go H w ,fi) L2 to H 
defined by 

(T<p,h) = / (A* UJ ip(uj),h)dn(uj), G ( © w ga H u , g) L2 , h € H, (1.5) 
Jn 

is linear and bounded with ||T|| < \[B. Furthermore for each h € H and u ; € f2, 

T*(h)(u) = A UJ h. (1.6) 

The operators T and T* are called synthesis and analysis operators of cg-Bessel 
family {A^}^ e n, respectively. 

Let {A^j^gQ be a cg-frame for H with respect to with frame bounds 

A, B. The operator S : H —> H defined by 


(Sf,g)=[{f,A* u A ul g)dn(uj), f,g€H , (1.7) 

Jn 

is called the frame operator of {A^j^go which is a positive and invertible operator. 
Now, we state a known result that is helpful in proving some results. 

Proposition 1.3. ([4]) Let K : H — > H be a bounded linear operator. Then the 
following hold. 

(i ) K = a{U\ + U2 + U 3 ), where each Uj, j = 1, 2, 3, is a unitary operator and a 
is a constant. 

(■ ii ) If K is onto, then it can be written as a linear combination of two unitary 
operators if and only if K is invertible. 
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2. cg-Orthonormal bases 

Similar to the continuous frames, we want to generalize orthonormal bases. 
Indeed, our purpose here is to define a mapping / : tt — > H that has similar 
properties to an orthonormal basis of H. 

Definition 2.1. Suppose that (f2, g) is a measure space. A mapping / : Xl —)■ H 
is called a c-orthonormal basis with respect to (0, /u.) for H, if: 

( i ) for each h £ H, u i— > (h , f(u>)) is measurable, 

(ii) for almost all v £ 12, 

[ (f(u),f(v))dg(u) = 1, 

Jn 


(in) for each h £ H, \(h, f(cu))\ 2 dg(tx) = \\h\\ 2 . 

Now we define the generalization of orthonormal basis in case of operators. 


Definition 2.2. Assume (£l,g) is a measure space. A family of operators A = 
{A w £ B(H, H w ) : u) £ 11} is called a continuous g-orthonormal basis or simply a 
eg-orthonormal basis, for H with respect to {H u } we Q, whenever: 

(i) for each h E H , {A^/ij^gQ is strongly measurable, 

(ii) for almost all v E 17, 


(A*/a,, k* v g v )dg(u) 


(U,9v), {/ u } u £!1 £ (®uiGClH u , g)L 2 1 9v ^ H v , 


(in) for each h £ H, \\Auh \\ 2 dg(u) = \\h\\ 2 . 

If only conditions (i) and (ii) hold, A = {A w E B(H, Hj)\u £ is called 

a eg-orthonormal system for H with respect to {H u } u& si. 

Example 2.1. Suppose that Q = {a,b,c}, £ = {0, {a, b}, {c}, II} and g : £ —> 
[0, oo] is a measure such that /x(0) = 0, g({a,b}) = 1, g({c}) = 1 and /r(Q) = 2. 
Let H be a 2 dimensional Hilbert space with an orthonormal basis {ei,e 2 }. We 
define 

/ : 12 —> H 

by / = eiX{ a ,b} + e 2X{cj- So for each h £ H, 

(f(u),h) = (ei ,h)x{ a ,b}(u) + (e 2 ,^)X{ c }H, wEH, 

hence ui i—>• (/i, /(w)) is measurable. Now, for each u E fi, we define 

A^ : H —» C 

K>(h) = < h,f(u)). 

Actually, we consider for each oj £ 12, H u = C. By an easy calculation, we have 

A* (V) = /(aK zee. 

For any u £ Vt, x v £ C and any {z u } ue n £ (® u enH u ,g ) L 2 = L 2 (Q,g), due to 
the Example 4.2 in [16], we have 

[ (Kzw, k* v x v )dg(uS) = 

Jn 


/ 

Jn 


ZuX v (f(u),f(v))dg(u) = z v x v 
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Also for each h G H, 

f \\A„h\\ 2 dg(u) = [ \(h, f(uj))\ 2 dg(uj) = ||/i|| 2 . 

Jci Jo, 

Therefore {A^j^gQ is a cg-orthonormal basis for H with respect to { H w } w6 fj, 
where for each uj G 17, H w = C. 

We present some equal conditions for cg-orthonormal bases. 

Theorem 2.1. Let {A^j^gn be a eg-orthonormal system for H with respect to 
{H u } ue ci. Also assume that for each h G H, f (1 \\A u h\\ 2 dg(uj) < oo. Then the 
following conditions are equivalent: 

(i) {A w } w gQ is a eg-orthonormal basis for H with respect to {i^jwgn- 

(ii) For each h, k G H , 

(h,k ) = / (A^/i, A^fc)d/x(k;). 

Jci 


(Hi) If A,Ji = 0, a.e. [g], then h = 0. 

(v) For each zero measure set Qq C Q, H = Fpan{Al J (H LO )} UJ& Q\Q 0 . 

Proof, (i) (ii) Since {A^j^go is a Parseval eg- frame for H, so its frame oper¬ 
ator S\ = I. Hence (ii) is obvious. The converse side clearly holds. 

(ii) =$■ (Hi) If A u h = 0, a.e. [g], then for every k G H, 


(h,k) = / (A u h, A u k)dg(u) = 0. 

Jn 


Therefore h = 0. 

(Hi) =>- (v) Suppose that Qq C Ll and h _L span{Al J (H u] )} U}& f t \f lo , so for almost 
all u € LI, (A* A w h,h) = 0. Then |jA^11 2 = 0, a.e. [g\, which implies h = 0. 

(u) =>• (ii) Let k G H. Assume that 

Tik = jfr £ H : (h, k) = J (A^h, A w k)dg(uj)^. 

TLk is a subspace of H. Also, it is closed, since if lim n _ ) . 0O h n = h, where h n ' s 
belong to TLk, then 

(h,k)= lim (h n ,k)= lim / (A u ,h n ,A <JJ k)dg(u}). 

n—>oo n—>oo Jq 

According to assumption, 

J \{Auh, A u k)\dg(uj) <(J ||A w /i|| 2 d/x(u;)) 2 ( j \\Aug\\ 2 dg(u:)} 2 

So by Lebesgue’s Dominated Convergence Theorem, 

lim / (A u h n ,A UJ k)dg(uj)= / (A^h, A w k)dg(uj), 
n ^°° Jn Jo. 

which means h G "H^. For almost all v G fl and each / G H, we have 

[ (A W A* A v f, A w k)dg(u) = f (A* A v f. A* A UJ k)dg(uj) 

J Q Jfl 

= (A v f,A v k) = (A*A v f,k), 


< oo. 
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therefore A* u A u f £ ' Hk- Assume / _L TLk, then for almost all v £ fl, 

0 = (A*Aj,/,/} = ||A^/|| 2 , 

which gives A„/ = 0. For almost all zz £ and any g*, £ H u , 

(f,K9u) = (A v f,g v ) = 0. 

So / A span{A* (iif tJ )} a;g f 7 \Q 0 , where flo is a zero measure subset of Q. By 
condition ( v ), span{A* = H. Thus / = 0 and TLk = H. Therefore 

(h,k) = / (A^h, A w k)dp(uj), h,k^H. 

ifi 

□ 

In the following of this section, suppose that there exists a cg-orthonormal 
basis for H. 

Proposition 2.1. Suppose that {@w}wen a cg-orthonormal basis for H with 
respect to {Bt u }u&Q. and {A w £ B(H,P[ U} ) : w £ f 1} is a family such that for 
each h £ H, {Ais strongly measurable. Then {A^j^go is a Parseval 
eg-frame for H if and only if there exists a unique isometry V £ B(H) such that 
Auj = @uV, a.e. [g]. 

Proof. Let {A^j^go is a Parseval cg-frame for H. We define the operator V 
weakly by 

(Vf, h)= [ (0* A u f, h)dg(u), f,he H. 

Jn 

For each /, h £ H, we have 

\{vf,h)\<([ \\A u f\\ 2 dii{u))~ 2 [j we^hfd^y <\\f\\\\h\\. 

So V is well-defined and bounded. For almost all v £ and each / £ H, h u £ H Vl 

(&uVf,K) = (Vf,@lK) = [ (0* A w /, @tK)dn(u) = (A v f,h v ), 

Ja 

since {©^j^eo is a cg-orthonormal basis. Thus A w = 0 W F, a.e. [p\. 

For each / £ H, 

\\vf \\ 2 = (vf,vf)= [ <0*A U f,vf)dfi(u)= \ (A u f,e u vf)dii(u) 

JQ JQ 

= f (A u f,A w f)dp(u;) = ||/|| 2 . 

Jn 

Therefore V is an isometry. 

Now, let V\ and V 2 be two isometries such that A w = @ W V 1 , a.e. [p] and 
A u = © 0 ,^ 2 , a.e. [fi\. Then for each / £ H, @^((li — V 2 )/) = 0; a.e. [p], which 
implies 
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Conversely, let V G B(H ) be a unique isometry such that , a.e. [g\. 

For any / G H, 

[ WKffd^u) = I \\e u Vf\\ 2 dn(uj) = \\Vf\\ 2 = ll/ll 2 . 

Jn Jn 

Hence {A^j^gQ is a Parseval cg-frame for H. □ 

Theorem 2.2. Assume that a eg-orthonormal basis for H with re¬ 

spect to {iTjjwefi an d {A^ G B(H,H U ) : oj G 12} is a family such that for each 
h G H, {A u h}uj£fi is strongly measurable. Then {A^j^gQ is a cg-frame for H 
with bounds A and B if and only if there exists a unique V G B(H) such that 
= Q U V, a.e. [g] and AI < V*V < BI. 

Proof. Let {A^j^gQ be a cry-frame for H with bounds A , B. Similar to the proof 
of Proposition 2.1, the operator P weakly defined by 

(Vf, h)= [ <0* A„/, h)dg(co), f, h G H, 

Jn 

is a one-to-one and bounded operator such that A w = 0 W P, a.e. [//]. Also for 
each / G H, 

\\VfW 2 = (Vf,Vf)= f (0*A u ,Vf)d»(u>)= I (A u f,e u Vf)dn( U ) 

Jn J Cl 

= I ||A U f\\ 2 dn(u). 

Jn 

Therefore 

A(f,f)<(V*Vf,f)<B(f,f), 
which implies AI < VV* < BI. 

The opposite implication is similar to the Proposition 2.1. □ 

Theorem 2.3. Suppose that {A^j^gQ is a eg-orthonormal basis for H with re¬ 
spect to {H^fui^n an d P G B(H). Then {A^Pj^gQ is a eg-orthonormal basis for 
H with respect to {-ff w }u>eQ if and only ifV is unitary. 

Proof. Assume that {A^Pj^gfy is a qy-orthonormal basis for H. Since {A^j^gQ 
is also a cg-orthonormal basis for H, for each / G H, we have 

||P/|| 2 = / 1|A u Vf\\ 2 dg(u) = ll/ll 2 . 

Jn 

Hence P is an isometry and V*V = I. Considering 0 W = A^P, w G 11, in The¬ 
orem 2.1, there exists a unique isometry U G B(H) such that A^ = A^VU, 
a.e. [g\. Let T A and T\vu be the synthesis operators of Parseval cry-frames 
{A w } w gn and {A^PUj^gQ, respectively. Then T A = ( VU)*T A = U*V*T A . We 
deduce T A Tf = U*V*T A Tf or S A = U*V*S A , where S A is the frame operator of 
{A^l^gn. Since S A = I, so I = U*V* or equivalently VU = I. This implies that 
P is onto. Also P is one-to-one, so P is invertible and P _1 = V*, which means 
P is a unitary. 

For the reverse implication, suppose that P is a unitary operator. Now, we 
show that {A^Pj^gQ is a cg-orthonormal basis for H. For almost all u G 12, each 
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9 v £ H v and each {fujwen £ {®ueSiH u , 9 ) L 2 , we have 

[ ({A u V)*f u ,(A v V)*g v )diJi(u>) = \ (V*/Cf u ,V*Alg v )dii(u) 

JQ Jfl 

= [ (Kfu,Kgv)dn(uj) = (f v ,g„). 

Jn 

Also for each / £ H, 

I \\AuVf\\ 2 dn(u) = \\Vff = ||/|| 2 . 

Jn 

Therefore {A^Fj^go is a cg-orthonormal basis for H with respect to {H u } ue ci- 

□ 

Concerning to cg-Riesz bases which are defined in [14], we have next result. 

Theorem 2.4. Let ('Ll, 9 ) be a measure space where 9 is a -finite. Suppose that 
{A.} is a cg-Riesz basis for H and V £ B(H). Then {A^F} w go is a cg-Riesz 
basis for H if and only if V is invertible. 

Proof. Let {A^F} w gQ be a cg-Riesz basis for H. By definition of a cg-Riesz basis, 
the operator T A y weakly defined by 

(Tjyyip, h) = / ((A u V)*p(uj),h)dp(uj), <p e (® ue nH u , fi) L 2 ,h €. H, 

Jn 

is well-defined and there exist positive constants A and B such that 
A|M| < 11 T\yip 11 < B\\ip\\, ip £ (® u& nH u ,9) L 2. 

An easy calculation shows T A y = F*T A , where T A is defined similarly for {A^j^gQ. 
By Lemma 3.2 (1) in [14], T A y and T A both are invertible. So V* = T A yTff l is 
invertible and F is invertible. 

Conversely, let F £ B(H) be invertible. If A W Vf = 0, a.e. [ 9 ], then Vf = 0 and 
it implies / = 0. The operator T A y given by 


( T AV (p,h)= / ((A uV)*ip(uj),h}d 9 (uj), tp e (® ue nH u , 9 ) L 2 ,h e H, 

Jn 

is well-defined, bounded and T A y = V*T A , where T A is defined similar to T A y. 
Also, there are positive constants A and B such that 

A\\ip\\ < \\T A (p\\ < B\\(p\\, tp £ (© we o^,^)L 2 - 
For each p> £ (® u€n H u , g) L 2 , ||T A y^|j = ||F*T A <£>|| < £||F*||||<£>||, and 

WTkvvW = WVTwW > pL^IITAVII > p^ll^ll. 

This shows that {A^Fj^go is a cg-Riesz basis for H. □ 

Now, we define cg-complete families as follows: 

Definition 2.3. A family {A w £ B(H,Hfi) : u £ fl} is called a cg-complete 
family for H with respect to {Hufuen, if: 

{h : A u h = 0, a.e. [ 9 ] } = {0}. 

Lemma 2.1. {A^j^gn is a cg-complete family for H and V £ B(H). Then 
{A^Fj^go is a cg-complete family for H if and only ifV is one-to-one. 
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Proof. Let {A^I/j^gQ be a eg -complete family. If Vh = 0, then 

A ioVh = 0, wfSl, 

so h = 0 and V is one-to-one. 

Now, suppose V is one-to-one and A w Vh = 0, a.e. [g], Since {A^j^gQ is cg- 
complete, Vh = 0. Hence h = 0 , which implies {A^Hj^g^ is cg-complete. □ 

Proposition 2.2. Let (fi, g) he a measure space where g is a-finite and {A^j^g^ 
be a cg-Bessel family for H. Then {A^j^gQ is cg-complete if and only if R(T\) = 
H, where T\ is the synthesis operator of { A^j^gQ. 


Proof. Assume that {A^j^g^ is cg-complete. To show that R(T\) = H, it is 
enough to prove that if / G H and f_LR(T A ), then / = 0. Let / G H and 
f±R(T\), so for each F G g) L 2 , 


0 = (T A F,f)= [ (A * u F(u),f)dg(u). 

Jn 


Since (H, g) is a-finite, there exists a family {SA„ }^? =1 of disjoint measurable sub¬ 
sets of H, such that Q = (J^Li and g(fl n ) < oo, n > 1. For each n > 1, 
set 


F n (uj) 


A uf) ai G H n 

0, otherwise ’ 


then 

(T A F n J) = f (F n {u),Kf)dg(u) = \\Kffg(n n ) = 0. 
Jn 


Thus A u f = 0, a.e. [g], which implies / = 0. So R(T A ) = H. 

For the opposite implication, suppose that R(T A ) = FI and there exists a / / 0 
such that 


A uf = 0, a.e. [g\. 

There exists a sequence {F n }%L 1 C g ) L 2 such that lim^oo T A F n = /. 

Then 


||/|| 2 = (/,/) = ( lim T\F n , f) = lim (T A F n , f) 

n—>oo n—>oo 

= lim [ (A *F n (u),f)dg(u) 
n ^°°Jn 

= lim [ (F n (u),A ul f)dg(ui) = 0, 

n ->°° Jn 

which is a contradiction. □ 


Remark 2.1. Let (Ll,g) be a measure space and consider the family {A^ G 
B^H.H^) : uj G H}. Also, suppose that {e^^j^gQ^eK^ is an orthonormal basis 
for Hilbert space ® u g nH^ such that for each wGll, is an orthonormal 

basis of and for each h G H, the mapping 

HxK —x C 

(ui, k ) i—x (h, e Ujk ) 


is measurable, where K = lU n J^. 
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The mapping h i —> (A w /i, e u ^)i w G H, fc € K^, defines a bounded linear 
functional on H. So there exist some u w ,k G H such that 

— (A w /i, e W) fc), h G .H, cj G 12, & G 1K W . 

Therefore A^/i = Z]fceK w (^! U u,k)e-u,k, h G H. Since 

^ |(/l,f/u,,fc)e w>fe | 2 = IIA^hll 2 < 11 Acu 11 2 11 11 2 5 

keKu 

so for each u G S2, {u Ut k}ke K„ is a c-Bessel family for H u . Also 

R'ojjfc = A e W) fc, w G 12, A; G (2.1) 

The family {^ojjfclwenjfceKu, is called the family induced by {A^j^gQ with respect 
to {eu,k}u&n,k£ K„- 

Consider the mapping u(w, A) : fi x K —> H defined by 


u(u, k) 


^ui,k > k G IK^j 

0 , otherwise ’ 


where K = LLen^w 

For each h G H. (u>, k ) i —> {u Uj k, h) is measurable and 


IIA w /i|| 2 <i^(u;) = f ^2 \{h-, u u,k)\ 2 dn(w) 

keKu, 

= [ ( [ \(h,u Utk )\ 2 dl{k))dfj,(u), (2.2) 

Jn J k 


where l : K —> K is the counting measure on K. If {A^j^gQ is a cg-frame for H 
with respect to {H w } ue n, then u is a c-frame for H with respect to (OxK,/fX l) 
and with the same bounds of {A^j^gQ. 

The converse of above statement is true, too; if {ucj,fc}^er 2 ,fceiK„ is a c-frame for 
H, then {A^j^gn is a cg-frame for H with the same bounds of {u^fclfceK^- 


Theorem 2.5. Let (12,/r) he a measure space where /j is a-finite. Consider the 
family {A^ G B(H, Hfi)\ io G 12} and let {u Wj fc}o;en,fceK„ be defined as in (2.1). 
Then {A^j^gn is a eg-frame (respectively eg-Bessel family, tight cg-frame, cg- 
Riesz basis, eg-orthonormal basis) for H if and only if {uu^uen^eKu Is a c-frame 
(respectively c-Bessel family, tight c-frame, c-Riesz basis, c-orthonormal basis) for 
H. 


Proof. We see from (2.2) that 

/ \\K UJ h\\ 2 dpi{oj)= [ ([ \{h,u^ k )\ 2 dl{k))dii{u), he H. 

J £1 J £1 J IK 

Hence {A^j^gQ is a cg-frame (respectively cg-Bessel family, tight cg-frame) for 
H if and only if {«u>,fc}u;efi,fceK w is a c-frame (respectively c-Bessel family, tight 
c-frame). 

Now, assume that {A^j^gQ is a cg-Riesz basis for H. So there are constants 
A,B> 0 such that the operator T\ : (® u enH w , fi)i? —t H defined by 

(T\F, h) = f (.Af 0 F(u),h)dfj,(uj ), F G (® u enH u , fi) L 2 , h G H, 

Jn 
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satisfies in 


A\\F\\ < ||T A F|| < B\\F\\, F £ (® uen H u , 

Consider the operator X : L 2 (Q x K) —> H which is defined by 

( < Z<p,h) = / / (p(uj,k){u L j t k,h)dl(k)dfi((jo) 

Jn Jk 

= / '^2 <^(w, k)(u u ^, h)dn(u), <p £ L 2 (h2 x K), h £ H. 
ke 

To show that {u Ujk }ke K w is a c-Riesz basis for i7, it is enough to show that X is 
one-to-one (by Theorem 2.1 in [16]). If %ip = 0, then for each h £ H, 

0 = (%<p,h) = / cp(uj,k)(A* UJ e ult k,h)diJ,(u) 
ke K„ 

= / ( VI <p(uj,k)e UJ , k ,A UJ h)dp(oj) 
ke 

= [ (A00, h)dp(u) = (T A 0, h) = 0, 

Jn 


where 0(cu) = k)e u ^ k , uj £ Q. So Ta 0 = 0. Since Ta is bounded 

below, ■0 = 0. But 1101j = ||</?||, so </? = 0. Hence X is one-to-one and it implies 
{Mw,fc}fceK„ is a c-Riesz basis for H. 

Now, let {'U W) fc} a , e n ; fe 6 ]K UJ be a c-Riesz basis for H. By Theorem 3.3 in [14], it 
suffices to show that T\ is one-to-one. If Ta 0 = 0, then for each h £ H, 

0 = (T A (f>,h)= [ (A u<i>(u),h)dn(u) = f (A*( Y] (0(w), e a , )fe )e a , )fc ), h)d/i(u) 

ke 

= [ e oj,k)(K e oj,k, h)dn(u) = (*), 


■ fceK^ 


set </?(<*;, A:) = (0(cu), e W) fc), w £ H, k £ K w , then 

[ K^M,e w ,fc}| 2 d/xH = f || 

^ fceK„ ^ 

So £ L 2 (H,K) and ||y>|| = ||0||. Also 


(w)|| 2 c^(w) = 


(*) = [ [ p^,k)(A* u e u ^ k ,h)dl(k)dp(u). 

Jn Jk 

So for each h £ H, 0 = (X</>, h) = 0, hence X<£> = 0. Since {«o;,jfc}u;ef 2 ,ifceK w is a 
c-Riesz basis for H, then X is invertible, which implies cp = 0 and 0 = 0. Thus 
Ta is one-to-one. 

Now, suppose that is a cg-orthonormal basis for H. For almost all v £ H 
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and all m E K, 


(^ , u>,ki^ , i / ,m)dl(k)dp.(uj) — / / (A^e^ k, A l/ e l/rr f)dl(k)dfi(uf) 

Jn J k 

= [ [ (Kj e u,k, K e iy,m)dn(^)dl(k) 

Jk Jn 

— I {^■v,ki^u 1 m)dl{Jz) — 1 . 

Jk 


Also, for each h E H, 


\\AJi\\ 2 dg(u) = [ [ \(h,u Utk )\ 2 dl(k)dg(uj) = 

Jn Jk 


So {'Uw,fc}wen,fceK ll , is a c-orthonormal basis. 
The opposite implications are similar. 


3. cg-Orthonormal bases and cg-frames 

At first, we present some result on eg-frames which are constructed by com¬ 
posing with operators. 

Proposition 3.1. Let {A^}^ e n be a eg-frame for H with bounds A and B and 
V E B(H). Then {A^l/} we n is a cg-frame for H if and only if there exists a 
positive constat a such that 

\\Vf\\ 2 >a\\f\\ 2 , f € H. 

Proof. Suppose {A^Hj^gQ is a cg-frame for H with bounds C and D. For each 
f€H, 

C\\f\\ 2 < [ \\A W V f\\ 2 dn(u) < B\\Vf\\ 2 , 

Jn 

so ||F/|| 2 > §||/|| 2 - Set a = then the proof is done. 

Conversely, let a be such that 

\\Vf\\ 2 >a\\f\\ 2 , f€H. 


For each / E H, 


[ \\A u Vf\\ 2 d^(u) < B\\Vf\\ 2 < B\\V\\ 2 \\f\\ 2 , 

Jn 

and 

f ||A w P/|| 2 d M (o;)>A||P/|| 2 >Aa||/|| 2 . 

Jn 

Hence {A^l/j^gn is a cg-frame for H. □ 

Corollary 3.1. Let {A^j^go be a cg-frame for H and V E B(H). Then 
{A^Hj^gQ is a cg-frame for H if and only if V* is onto. 

Proof. By Lemma 2.4.1 (Hi) in [5], it is obvious. □ 

Corollary 3.2. Let M be a close subspace of H and {A^} wg Q be a cg-frame for 
H and V E B(H, Ad). Then {A^t^j^gQ is a cg-frame for M if and only if there 
exists a positive constat a such that 

||H*/|| 2 > a||/|| 2 , /EM. 
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Corollary 3.3. Let {A^j^gQ be a tight cg-frame for H with frame bound A and 
V G B(H). Then {A^I/j^gQ is a tight cg-frame for H with frame bound a if and 
only if 

\\Vf\\ 2 = j\\f \\ 2 , f€H. 

Proposition 3.2. Suppose that {0cj}wen is a eg-orthonormal basis for H with 
respect to and {A^j^go is a cg-frame for H with respect to {ff u }ue! 2 - 

Then there exists a bounded and one-to-one operator V on H such that A w = 
QuV, a.e. [g]. Furthermore, V is invertible if { A^j^go is a cg-Riesz basis for H 
and V is unitary if {A^} we n is a eg-orthonormal basis for H. 

Proof. By the proof of Theorem 2.2, the first part is obvious. If {A^j^gn is a cg- 
Riesz basis for H , then by definition of V in the proof of Theorem 2.2, V = TqT^. 
Theorem 3.3 in [14] implies that Tf is onto, So V is onto and consequently V is 
invertible. If {A^j^go is a cg-orthonormal for H, then Theorem 2.3 implies the 
result. □ 

Proposition 3.3. Suppose that a eg-orthonormal basis for H with 

respect to and {A^j^go is a cg-frame for H with respect to 

Then there exist eg-orthonormal bases {f w } w gf!, {T^l^eo and for H 

with respect to and a constant a such that 

A u = a^u, + T w + <f> w ), a.e. [if. 

Proof. Due to Proposition 3.2 and Proposition 1.3, we have an operator V G 
B(H) so that V = a{U\ + U 2 + C/ 3 ) , where each Uj , j = 1,2,3, is a unitary 
operator and a is a constant. Then A w = Q U V = a(Q bJ Ui + ©^ 1/2 + © 0 , 1 / 3 ), 
a.e. [if. It is obvious that every {0 w t/?}^gn, j = 1, 2,3, is a cg-orthonormal basis 
for H. Assuming = Q U U\, a.e. [if, T w = © 0 , 1 / 2 , a.e. [if and Q> u = © 0 , 1 / 3 , 
a.e. [if, the proof is completed. □ 

Proposition 3.4. Consider {©ojugn as a eg-orthonormal basis for H with re¬ 
spect to {H^uieO.- If is a cg-Riesz basis for H, then {A^j^go is sum 

of two eg-orthonormal bases for H with respect to {i/oi}^en- 

Proof. Let {A^j^gn is a cg-Riesz basis for H. Proposition 3.2 implies that there 
exists an invertible V G B(H) such that A w = ®u,V, a.e. [if. Via Proposition 
1.3, V can be written as V = aU\ -\-bU 2 , where U\ and U 2 are unitary operators. 
The rest of proof is similar to the proof of Proposition 3.3. □ 

Composing of a cg-orthonormal basis and an isometry, gives us a Parseval 
cg-frame. 

Proposition 3.5. IfV G B(H) is an isometry and {0a;}a;eo is a cg-orthonormal 
basis for H, then {0a,A} w go is a Parseval cg-frame for H. 

Proof. A straightforward calculation gives the proof. □ 

Every bounded operator V on H has a representation in the form V = U\V\ 
(called the polar decomposition of V ), where U is a partial isometry, |V| is a 
positive operator defined by |V| = \/V*V and kerU = kerV. 

Also, every positive operator P on H with ||P|| < 1 can be written in the form 
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P = \(W + W* ), where W = P + iy/l — P 2 is unitary. 

Next theorem shows that we can represent a eg- frame by some Parseval en¬ 
frames. 

Theorem 3.1. Suppose that {0 w }u;en a eg-orthonormal basis for H. Every 
cg-frame for H can be written as a linear combination of two Parseval cg-frames. 

Proof. By Proposition 3.2, there exists a bounded and one-to-one operator V G 
B(H) such that = Q^V, a.e. [g], By above note, V can be written as 
V = \{UW + UW*), where U is an isometry and W is unitary. So UW and UW* 
are isometries. Proposition 3.5 implies that {QujUW}^^ and {QuUW*} u& q are 
Parseval cg-frames for H. □ 

Now, we can show each cg-frame as a combination of a cg-orthonormal basis 
and a cg-Riesz basis of H. 

Theorem 3.2. Assuming {0 w }o;eQ as a eg-orthonormal basis for H, Every cg- 
frame for H is sum of a eg-orthonormal basis for H and a cg-Riesz basis for 

H. 

Proof. The proof is similar to the proof of Theorem 4.2 in [16]. 

□ 
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